Given a prime power q and an integer n ≥ 2, we establish a sufficient condition for the existence of a primitive pair (α, f (α)) where α ∈ F q and f (x) ∈ F q (x) is a rational function of degree n. (Here f = f 1 /f 2 , where f 1 , f 2 are coprime polynomials of degree n 1 , n 2 , respectively, and n 1 + n 2 = n.) For any n, such a pair is guaranteed to exist for sufficiently large q. Indeed, when n = 2, such a pair definitely does not exist only for 28 values of q and possibly (but unlikely) only for at most 3911 other values of q.
Introduction
Throughout this article let q be a prime power and n (≥ 2) be a positive integer. We use F q to denote the finite field of order q and F * q for the cyclic group of nonzero multiplicative elements of F q . A generator of the cyclic group F * q is called a primitive element of F q . For a rational function f (x) ∈ pairs in respect of the specific (2,1)-function (x 2 + 1)/x for fields of even order and, more recently, Cohen et al. [6] ( Corollary 2) provided a complete solution for the (2,1)-functions (x 2 ± 1)/x. Anju and Sharma [13] supplied a sufficient condition for the existence of primitive pairs for the general (2,1)-function. (See also [14] .) Recently in [12] , Sharma, Ambrish and Anju established a similar sufficient condition for the general (2,2)-function.
In this paper, we take f (x) to be a general rational function of degree n and prove the existence of primitive pairs (α, f (α)) in F q for sufficiently large prime powers q. To make this more precise, for each positive integer n, let R n be the set of non-exceptional rational functions f = f 1 /f 2 , (with f 1 , f 2 coprime and f 2 monic) of degree n (where n = n 1 + n 2 and n 1 ≥ n 2 ) and define Q n as the set of prime powers q such that, for each f ∈ R n , there exists a primitive pair (α, f (α)), α ∈ F q . For any positive integer define W (m) = 2 ω(m) , where ω(m) is the number of distinct prime divisors of m. (Thus, W (m) is the number of square-free divisors of m.) The main theorem to be proved is the following: Theorem 1.1. Let n ≥ 2 and q be a prime power. Suppose
(1)
Then q ∈ Q n . Hence, for each n ≥ 2, there exists C n > 0 such that, if q > C n , then q ∈ Q n .
Using a sieving modification of Theorem 3.1 we also give explicit values for C n , n = 2, 3, 4, and5, and conjecture that the best (least) value of C 2 is 311.
We remark that, for a specific rational function f of degree n (for example, if f 1 or f 2 is not square-free), one could reduce the factor n on the right side of condition (1) by an appropriate amount.
We defer a study of those exceptional rational functions f for which there generally exists a primitive pair (α, f (α)) to another occasion.
Preliminaries
In this section, we state some related definitions and results required in the paper. For a divisor u of q − 1, an element
where v ∈ F q and d|u implies d = 1. Note that an element w ∈ F * q is (q − 1)-free if and only if it is primitive.
We refer [3] for basics on finite fields and characters of finite fields. Following Cohen and Huczynska [7] , [8] , it can be shown that for each divisor u of q − 1
, µ is Möbius function and χ d denotes the multiplicative character of F q of order d, gives a characteristic function for the subset of u-free elements of F * q .
We shall need the following result of Weil [16] , as described in [2] at (1.2) and (1.3), for our main theorem.
are irreducible polynomials and r j are non zero integers. Let χ be a multiplicative character of F q of precise squarefree order d (a divisor of q − 1). Suppose that F (x) is not of the form cG(x) d for some rational function G(x) ∈ F q (x)) and c ∈ F * q . Then we have
A preliminary of another kind is subdivision of rational functions of degree n into the union of (n 1 , n 2 )− functions for every pairs (n 1 , n 2 ) with n 1 ≥ n 2 and n 1 +n 2 = n, as described in Section 1. Indeed, for each such pair (n 1 , n 2 ), define R n 1 ,n 2 as the set of non exceptional (n 1 , n 2 )-rational functions, Q n 1 ,n 2 as the set of prime powers q such that for each f ∈ R n 1 ,n 2 there exists a primitive pair (α, f (α)) and C n 1 ,n 2 as a valid bound such that, if q > C n 1 ,n 2 , then q ∈ Q n 1 ,n 2 . Of course, our aim would be to find the least possible value for C n 1 ,n 2 in every case, whence C n would be the maximum of the values of C n 1 ,n 2 over the pairs (n 1 , n 2 ) with n 1 ≥ n 2 and n 1 +n 2 = n. More generally, for a set of rational functions S, define Q S and C S to say that q > C S implies q ∈ Q S in the above sense. For the present, simply observe the following. Suppose f = f 1 /f 2 is a rational function with n 1 = n 2 = n/2. We always assume that f 1 and f 2 are coprime but supppose one of them is divisible by a positive power of x. In that case, the rational function f * (x) = f (1/x) written in its lowest terms has degree n 0 < n. Moreover, since α a primitive element implies 1/α is a primitive element, it follows that, if (α, f * (α)) is a primitive pair, then (1/α, f (1/α)) is a primitive pair. Consequently, in effect, f can be considered as having degree n 0 < n and therefore, when considering rational functions of degree n, if n 1 = n 2 , we can suppose that both f 1 and f 2 have non zero constatnt terms. For example, suppose 
We now prove our one of the main results as follows.
Theorem 3.1. Let n ≥ 2, and q be a prime power. Suppose that
Then q ∈ Q n .
Proof. To prove that q ∈ Q n , we need to show that N f (q − 1, q − 1) > 0 for every (non-exceptional) f (x) ∈ R n . Now let f (x) ∈ R n be any rational function. Let S be the set of poles of f (x) in F q . Assume q > 2 (as we may) and l 1 > 1 and l 2 > 1 are divisors of q − 1. Then by definition we have
and hence
where
Let d 1 and d 2 be divisors of q − 1 (not both 1) and χ d 1 and χ d 2 be specific characters of orders d 1 , d 2 , respectively. In view of the Möbius functions in (3) we can suppose that d 1 and d 2 are square-free. First suppose that d 2 = 1, i.e., χ d 2 = χ 1 is the trivial character. Then |χ f (χ d 1 , χ 1 )| is at most the sum of the number of zeros and poles of f and so does not exceed n.
Accordingly, suppose d 2 > 1. Let d be the least common multiple of d 1 and d 2 , and so a square-free divsor of q − 1. Moreover, d/d 1 and d 1 are coprime, as are d/d 2 and d 2 . Further, there is a character χ d of order d, such that
. In that case, = c d/d 2 G d for some rational function G and c ∈ F q . The latter, however, would imply that f (x) = cx j G d 2 (x), where we have assumed d 2 > 1, which would mean that f is exceptional. Since f is not exceptional and the number of distinct zeros and poles of F in an algebraic closure of F q is at most n + 1, we conclude from Lemma 2.1 that
Of course, (5) holds when d 2 = 1 (and d 1 > 1). On the other hand, trivially,
Combining (5) and (6) in (4), we obtain
certainly, whenever q > nW (l 1 )W (l 2 ). It follows that, if q > nW (l 1 )W (l 2 ), then N f (l 1 , l 2 ) > 0. In particular, the theorem follows by taking l 1 = l 2 = q − 1.
For further calculation work we shall need following results. Their proofs have been omitted as they follow on ideas from [4] and [10] . , and p 1 , ..., p s are the distinct primes less than 64 which divide m.
In particular, for all m ∈ N, c m < 37.469, and for all odd m, c m < 21.029. If q 1 2 > n∆W (l) 2 then q ∈ Q n .
Rational functions of degree 2
From Section 1, and the last paragraph of Section 2, we can classify rational functions of degree 2 as either (2, 0)-functions, i.e., quadratic polynomials ax 2 + bx+ c, where a(b 2 −4ac) = 0, or (1, 1)-functions with non-zero constant terms, thus having the form a(x + b)/(x + c), abc(b − c) = 0. One can work with both the cases simultaneously. But it is appropriate to recall that by a demanding theoretical and computational analysis it has been established in [1] , that C 2,0 = 211 is a valid bound, and that this is the minimum possible.
In this section, we shall find an explicit (though non-optimal) value for C 1,1 and thereby one for C 2 by means of Theorems 3.1 and 3.3. However, our argument assumes merely that the functions we consider are in R 2 (rather than being restricted to R 1,1 ). Suppose that q is a prime power and n = 2. From Lemma 3.2, W (q − 1) ≤ 37.469q 1 6 so that 2W (q − 1) 2 < 2807.852q 1 3 . Hence (2) holds whenever q > 4.901 × 10 20 in which case by Theorem 3.1, necessarily q ∈ Q 2 . (Indeed when q is even, by Lemma 3.2, it suffices that q > 4.787×10 17 .) Now suppose ω(q − 1) ≥ 17. Then q ≥ 2 × 3 × 5 × 7 × · · · × 59 > 1.9 × 10 21 so that q ∈ Q 2 . (When q is even and ω(q − 1) ≥ 15, then q ≥ 3 × 5 × 7 × · · ·× 53 > 1.6 × 10 19 , so that q ∈ Q 2 .)
We can therefore assume that ω(q − 1) ≤ 16 and q ≤ 4.901 × 10 20 . To make further progress, we use the sieving Theorem 3.3 in place of Theorem 3.1. In Theorem 3.3, suppose 5 ≤ ω(q − 1) ≤ 16 and take l as the product of the least 5 primes in q − 1. i.e. W (l) = 2 5 . Then s ≤ 11 and δ will be at its least value when {p 1 , p 2 , · · · , p 11 } = {13, 17, · · · , 53}, i.e. the set of primes from 6th to 16th. This yields δ > 0.173170 and ∆ < 123.267943, so that 2∆W (l) 2 < 2.52453 × 10 5 . From Theorem 3.3, provided q 1 2 > 2.52453 × 10 5 i.e. q > 6.3733×10 10 , then q ∈ Q 2 . In fact, if ω(q−1) ≥ 11, then q > 2×10 11 , which means we can assume ω(q − 1) ≤ 10. Now repeat this procedure using Theorem 3.3 with 4 ≤ ω(q − 1) ≤ 10 and W (l) = 2 4 . Then s ≤ 6, δ > 0.2855034, ∆ < 40.5284367, 2∆W (l) 2 < 20751, whence q ∈ Q 2 provided q > 4.3061 × 10 8 which is bound to be the case. But, w(q − 1) ≥ 10, gives q > 6.46 × 10 9 . Hence the result holds for ω(q − 1) = 10. Next, we assume 4 ≤ ω(q − 1) ≤ 9, take W (l) = 2 4 so that s ≤ 5, δ > 0.3544689, ∆ < 27.3900959, 2∆W (l) 2 < 14024. Which proves the result for ω(q − 1) = 9.
We apply the procedure when 3 ≤ ω(q−1) ≤ 8 with limited success. Take ω(l) = 3 so that s ≤ 5, δ > 0.1557111, ∆ < 59.7993247 and 2W (l) 2 < 7655. Hence q ∈ Q 2 whenever q > 5.86 × 10 7 .
Finally, for q < 5.86 × 10 7 , we coded the criterion of Theorem 3.3 and obtained an explicit list of 3937 possible exceptions for which the criterion failed even when the exact prime factorization of q − 1 was used (see the appendix). The largest of these prime powers is 33093061. We summarise these results for rational functions in R 1,1 in the next theorem. Of course, the value of C 1,1 shown in Theorem 4.1 is not optimal. In the other direction we worked on the possible exceptions below 10000 computaionally in GAP [9] and obtained a list of true exceptions as follows: 4, 5, 7, 9, 11, 13, 16, 19, 23, 25, 29, 31, 37, 41, 43, 49, 61, 67, 71, 73, 79, 103, 121, 139, 151 , 211 and 331. 4, 5, 7, 11, 13, 19, 25, 31, 37, 41, 43, 61, 67, 71, 73, 79, 121, 151 , and 211.
From [1] , we know that the above is a complete list of genuine exceptions in Case 2, and C 2,0 = 211. Analogously, we propose the following conjecture. Conjecture 1. We have C 1,1 = 331 and the list of prime powers not in Q 1,1 is shown in Case 1, as above.
We complete this section with some remarks on the set S of exceptional quadratic polynomials, whose members comprise quadratics of the form f (x) = a(x + b) 2 , where ab = 0. In the context of Lemma 2.1 their irreducible part is of degree 1 and hence the condition of Theorem 3.1 applies with n = 1. Here, if (α, f (α)) is primitive, then necessarily a is a non square, in which case it suffices that α is primitive and a(α + b) 2 is L-free, where L is the odd part of q − 1. Denote by R 1 2 ,0 the subset of S for which a is a non-square. By methods of this section this will lead to a better (smaller) lower bound for C 1 2 ,0 than the one shown in Theorem 4.1 for C 1,1 .
Case n=3, 4 and 5
In this section, we demonstrate how to get at least one value C n for each n ∈ N and n ≥ 2. Further, we provide some calculated values to reduce the bound C n for n = 3, 4 and 5.
As described above, Theorem 3.1 and Lemma 3.2 together imply that if n(37.469) 2 q 1 3 < q 1 2 then q ∈ Q n i.e. q > n 6 (37.469) 12 implies q ∈ Q n . Hence, for each n ∈ N, n ≥ 2, one value of C n is n 6 (37.469) 12 ≈ n 6 × 7.65713 × 10 18 .
Thus q > 5.583×10 21 , q > 3.137×10 22 and q > 1.197×10 23 imply q ∈ Q 3 , q ∈ Q 4 , and q ∈ Q 5 , respectively. If ω(q−1) ≥ 18 then q ≥ 2×3×5×· · ·×61 > 1.1728×10 23 , and if ω(q −1) ≥ 19 then q ≥ 2×3×5×· · · ×67 > 7.858×10 24 .
Hence ω(q − 1) ≥ 18 implies q ∈ Q 3 , q ∈ Q 4 , and ω(q − 1) ≥ 19 implies q ∈ Q 5 . The repeated application of Theorem 3.3 (as discussed above in the case n = 2), with the values in Tables 1, 2 and 3, provide the bounds C 3 ≈ 4.426 × 10 8 , C 4 ≈ 7.867 × 10 8 , and C 5 ≈ 1.23 × 10 9 , respectively. Note that, similar reduction can be done for each n. All the results of this section can be summarized in the following theorem.
Theorem 5.1. For each n ∈ N, n ≥ 2, one of the value for C n is n 6 × 7.65713×10 18 . For n = 3, 4 and 5 it can be reduced to 4.426×10 8 , 7.867×10 8 and 1.23 × 10 9 respectively. 
